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ON COMPACT MANIFOLDS WITH HARMONIC CURVATURE AND
POSITIVE SCALAR CURVATURE
HAI-PING FU
Abstract. Let Mn(n ≥ 3) be an n-dimensional compact Riemannian manifold with har-
monic curvature and positive scalar curvature. Assume that Mn satisfies some integral
pinching conditions. We give some rigidity theorems on compact manifolds with har-
monic curvature and positive scalar curvature. In particular, Theorem 1.4, Corollary 1.6
and Theorem 1.9 are sharp for our conditions have the additional properties of being sharp.
By this we mean that we can precisely characterize the case of equality.
1. Introduction and main results
Recall that an n-dimensional Riemannian manifold (Mn, g) is said to be a manifold with
harmonic curvature if the divergence of its Riemannian curvature tensor Rm vanishes, i.e.,
δRm = 0. In view of the second Bianchi identity, we know that M has harmonic curvature if
and only if the Ricci tensor of M is a Codazzi tensor. When n ≥ 3, by the Bianchi identity,
the scalar curvature is constant. Thus, every Riemannian manifold with parallel Ricci ten-
sor has harmonic curvature. Moreover, the constant curvature spaces, Einstein manifolds
and the locally conformally flat manifolds with constant scalar curvature are also important
examples of manifolds with harmonic curvature, however, the converse does not hold (see
[2], for example). According to the decomposition of the Riemannian curvature tensor,
the metric with harmonic curvature is a natural candidate for this study since one of the
important problems in Riemannian geometry is to understand classes of metrics that are,
in some sense, close to being Einstein or having constant curvature. The another reason
for this study on the metric with harmonic curvature is the fact that a Riemannian mani-
fold has harmonic curvature if and only if the Riemannian connection is a solution of the
Yang-Mills equations on the tangent bundle [4]. The complete manifolds with harmonic
curvature have been studied in literature (e.g., [5, 6, 9, 11, 14, 18, 21, 22, 25, 28, 29, 30]).
Some isolation theorems of Weyl curvature tensor of positive Einstein manifolds are given
in [7, 15, 16, 18, 21, 28], when its Lp-norm is small. Some scholars [6, 18, 25, 30] classify
conformally flat manifolds satisfying an Lp-pinching condition on the curvature. Recently,
Xiao and the author [14] obtain some rigidities on complete manifolds with harmonic cur-
vature satisfying an Lp-pinching condition on trace-free Riemannian curvature. The cur-
vature pinching phenomenon plays an important role in global differential geometry. We
are interested in Lp pinching problems for compact Riemannian manifold with harmonic
curvature and positive scalar curvature.
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Now we introduce the definition of the Yamabe constant. Given a compact Riemannian
n-manifold M, we consider the Yamabe functional
Qg : C∞+ (M) → R : f 7→ Qg( f ) =
4(n−1)
n−2
∫
M |∇ f |2dvg +
∫
M R f 2dvg
(
∫
M f
2n
n−2 dvg) n−2n
,
where R denotes the constant scalar curvature of M. It follows that Qg is bounded below
by Ho¨lder inequality. We set
µ([g]) = inf{Qg( f )| f ∈ C∞+ (M)}.
This constant µ([g]) is an invariant of the conformal class of (M, g), called the Yamabe
constant. The important works of Schoen, Trudinger and Yamabe showed that the infimum
in the above is always achieved (see [1, 23]). The Yamabe constant of a given compact
manifold is determined by the sign of scalar curvature [1].
Throughout this paper, we always assume that M is an n-dimensional complete Rie-
mannian manifold with n ≥ 3. In this note, we obtain the following rigidity theorems.
Theorem 1.1. Let M be an n-dimensional compact Riemannian manifold with harmonic
curvature and positive scalar curvature. Then∫
M
| ˚Ric| n−2n [R −
√
(n − 1)n| ˚Ric| −
√
(n − 2)(n − 1)
2
|W |] ≤ 0
and equality occurs if and only if
i) M is a Einstein manifold;
ii) M is covered isometrically by S1 × Sn−1 with the product metric;
iii) M is covered isometrically by (S1 × Nn−1, dt2 + F2(t)gN), where (Nn−1, gN)is a com-
pact Einstein manifold with positive scalar curvature and F is a non-constant, positive,
periodic function satisfying a precise ODE. This metric is called a rotationally symmetric
Derdzin´ski metric in [6].
Theorem 1.2. Let M be an n-dimensional compact Riemannian manifold with harmonic
curvature and positive scalar curvature. Then∫
M
| ˚Rm|[R − (n − 1)C1(n)| ˚Rm|] ≤ 0,
where C1(n) is defined in Lemma 2.1, and equality occurs if and only if M is isometric to a
quotient of the round Sn.
corollary 1.3. Let M be a compact Riemannian n-manifold with harmonic curvature and
positive scalar curvature. If
| ˚Rm| ≤ R(n − 1)C1(n) ,
then M is isometric to a quotient of the round Sn.
Theorem 1.4. Let (Mn, g)(n ≥ 4) be an n-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If(∫
M
|W +
√
n√
2(n − 2)
˚Ric T g| n2
) 2
n
<
√
2√(n − 2)(n − 1)µ([g]),
(1.1)
then M is an Einstein manifold. In particular, if the pinching constant in (1.1) is weakened
to 2
nC2(n)µ([g]), where C2(n) is defined in Lemma 2.4, then M is isometric to a quotient of
the round Sn.
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Remark 1.5. Theorem 1.4 improves Theorems 1 and 2 in [18]. When n = 3, these mani-
folds with harmonic curvature are locally conformally flat. Theorem 1.4 in dimension 3 is
discussed by Xiao and the author in [14]. The inequality (1.1) of this theorem is optimal.
The critical case is given by the following example. If (S1(t) × Sn−1, gt) is the product
of the circle of radius t with Sn−1, and if gt is the standard product metric normalized
such that Vol(gt) = 1, we have W = 0, gt is a Yamabe metric for small t (see [26]), and(∫
M | ˚Ric|
n
2
) 2
n
=
µ([gt])√
n(n−1) , which is the critical case of the inequality (1.1) in Theorem 1.4. We
know that (S1(t) × Sn−1, gt) is not Einstein.
corollary 1.6. Let (M4, g) be a 4-dimensional compact Riemannian manifold with har-
monic curvature and positive scalar curvature. If
(1.2)
∫
M
|W |2 + 8
∫
M
| ˚Ric|2 ≤ 13
∫
M
R2,
then i)M is isometric to a quotient of the round S4;
ii) M is a compact positive Einstein manifolds which is either Ka¨hler, or the quotient of
a Ka¨hler manifold by a free, isometric, anti-holomorphic involution;
iii) M is a CP2 with the Fubini-Study metric;
iv) M is Einstein and self-dual.
In particular, if
(1.3)
∫
M
|W |2 + 6
∫
M
| ˚Ric|2 ≤ 16
∫
M
R2,
then i), ii) and iii) hold.
Remark 1.7. The pinching conditions (1.2) and (1.3) in Corollary 1.6 is equivalent to the
following ∫
M
|W |2 + 1
15
∫
M
R2 ≤ 1285 π
2χ(M)
and ∫
M
| ˚Rm|2 ≤ 16π2χ(M),
where χ(M) is the Euler-Poincare´ characteristic of M.
As we mentioned above, Theorem 1.4 is sharped. By this we mean that we can precisely
characterize the case of equality:
Theorem 1.8. Let (Mn, g)(n ≥ 4) be an n-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If(∫
M
|W +
√
n√
2(n − 2)
˚Ric T g| n2
) 2
n
=
√
2√(n − 2)(n − 1)µ([g]),
(1.4)
then i) M is Einstein manifold;
ii) M is covered isometrically by S1 × Sn−1 with the product metric;
iii) M is covered isometrically by S1 × Sn−1 with a rotationally symmetric Derdzin´ski
metric.
Theorem 1.9. Let (Mn, g)(n ≥ 4) be an n-dimensional compact Riemannian manifold with
harmonic curvature and positive scalar curvature. If
C2(n)
(∫
M
|W | n2
) 2
n
+ 2
√
n − 1
n
(∫
M
| ˚Ric| n2
) 2
n
< D(n)µ([g]),(1.5)
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where
D(n) =

n−2
4(n−1) , n ≤ 9;
2
n
, n ≥ 10,
then M is isometric to a quotient of the round Sn. Moreover, in dimension, 4 ≤ n ≤ 9, the
same result holds only assuming the weak inequality.
Remark 1.10. When n ≥ 10, the pinching condition of this theorem is optimal. The critical
case is given by this example in Remark 1.5.
As we mentioned above, Theorem 1.9 is sharped. By this we mean that we can precisely
characterize the case of equality:
Theorem 1.11. Let (Mn, g)(n ≥ 10) be an n-dimensional compact Riemannian manifold
with harmonic curvature and positive scalar curvature. If
C2(n)
(∫
M
|W | n2
) 2
n
+ 2
√
n − 1
n
(∫
M
| ˚Ric| n2
) 2
n
=
2
n
µ([g]),(1.6)
then i) M is Einstein manifold;
ii) M is covered isometrically by S1 × Sn−1 with the product metric;
iii) M is covered isometrically by S1 × Sn−1 with a rotationally symmetric Derdzin´ski
metric.
Based on Lemma 2.4, using the same argument as in the proof of Theorem 1.1, we can
prove Theorem 1.12.
Theorem 1.12. Let M be an n(≥ 4)-dimensional compact Riemannian manifold with har-
monic curvature and positive scalar curvature. Then∫
M
|W |[R −
√
(n − 1)n| ˚Ric| − C2(n)n
2
|W |] ≤ 0
and equality occurs if and only if M is locally conformal flat.
Remark 1.13. G. Catino [6] classifies compact conformally at n-dimensional manifolds
with constant positive scalar curvature and satisfying an optimal integral pinching condi-
tion.
Remark 1.14. When n = 4, we [13] extend to four-manifolds with harmonic Weyl tensor
Theorems 1.4 and 1.8, and corollary 1.6.
We follow their methods [6, 7, 15, 19] to prove these theorems.
2. Proofs of Lemmas
In what follows, we adopt, without further comment, the moving frame notation with
respect to a chosen local orthonormal frame.
Let M be a Riemannian manifold with harmonic curvature. The decomposition of the
Riemannian curvature tensor into irreducible components yield
Ri jkl = Wi jkl +
1
n − 2(Rikδ jl − Rilδ jk + R jlδik − R jkδil)
− R(n − 1)(n − 2) (δikδ jl − δilδ jk)
= Wi jkl +
1
n − 2(
˚Rikδ jl − ˚Rilδ jk + ˚R jlδik − ˚R jkδil)
+
R
n(n − 1) (δikδ jl − δilδ jk),
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where Ri jkl, Wi jkl, Ri j and ˚Ri j denote the components of Rm, the Weyl curvature tensor W,
the Ricci tensor Ric and the trace-free Ricci tensor ˚Ric = Ric − R
n
g, respectively, and R is
the scalar curvature.
The trace-free Riemannian curvature tensor ˚Rm is
(2.1) R˚i jkl = Ri jkl − R
n(n − 1) (δikδ jl − δilδ jk).
Then the following equalities are easily obtained from the properties of curvature tensor:
(2.2) gik ˚Ri jkl = ˚R jl,
(2.3) ˚Ri jkl + ˚Ril jk + ˚Rikl j = 0,
(2.4) ˚Ri jkl = ˚Rkli j = − ˚R jikl = − ˚Ri jlk,
(2.5) | ˚Rm|2 = |W |2 + 4
n − 2 |
˚Ric|2.
Moreover, by the assumption of harmonic curvature, we compute
(2.6) ˚Ri jkl,m + ˚Ri jmk,l + ˚Ri jlm,k = 0,
(2.7) ˚Ri jkl,l = 0,
(2.8) W˚i jkl,m + W˚i jmk,l + W˚i jlm,k = 0
and
(2.9) ˚Wi jkl,l = 0,
Now, we compute the Laplacian of | ˚Rm|2, | ˚Ric|2 and | ˚W |2, respectively.
Lemma 2.1. Let M be a complete Riemannian n-manifold with harmonic curvature and
positive scalar curvature. Then
(2.10) △| ˚Rm|2 ≥ 2|∇ ˚Rm|2 − 2C1(n)| ˚Rm|3 + 2 (n − 2)R
n(n − 1) |W |
2
+ 2 R
n − 1 |
˚Rm|2,
where C1(n) = 2[ 2(n
2
+n−4)√(n−1)n(n+1)(n+2) +
n2−n−4
2
√(n−2)(n−1)n(n+1) +
√
(n−2)(n−1)
4n ].
Remark 2.2. Although Lemma 2.1 has been proved in [14], we give its proof. When M is
a complete locally conformally flat Riemannian n-manifold, it follows from (2.12) that
△| ˚Ric|2 ≥ 2|∇ ˚Ric|2 − 2 n√
n(n − 1) |
˚Ric|3 + 2 R
n − 1 |
˚Ric|2.
By the Kato inequality |∇ ˚Ric|2 ≥ n+2
n
|∇| ˚Ric||2, we obtain ( see [25, 30])
(2.11) | ˚Ric|△| ˚Ric| ≥ 2
n
|∇| ˚Ric||2 − n√
n(n − 1) |
˚Ric|3 + R
n − 1 |
˚Ric|2.
6 HAI-PING FU
Proof. By the Ricci identities, we obtain from (2.1)-(2.7)
△| ˚Rm|2 = 2|∇ ˚Rm|2 + 2〈 ˚Rm,△ ˚Rm〉 = 2|∇ ˚Rm|2 + 2 ˚Ri jkl ˚Ri jkl,mm
= 2|∇ ˚Rm|2 + 2 ˚Ri jkl( ˚Ri jkm,lm + ˚Ri jml,km)
= 2|∇ ˚Rm|2 + 4 ˚Ri jkl ˚Ri jkm,lm
= 2|∇ ˚Rm|2 + 4 ˚Ri jkl( ˚Ri jkm,ml + ˚Rh jkmRhilm
+ ˚RihkmRh jlm + ˚Ri jhmRhklm + ˚Ri jkhRhmlm)
= 2|∇R˚m|2 + 4R˚i jkl(R˚h jkmRhilm + R˚ihkmRh jlm
+ ˚Ri jhmRhklm + ˚Ri jkhRhmlm)
= 2|∇ ˚Rm|2 + 4 ˚Ri jkl( ˚Rh jkm ˚Rhilm + ˚Rihkm ˚Rh jlm + ˚Ri jhm ˚Rhklm
+ ˚Ri jkh ˚Rhmlm) + 4R
n(n − 1)
˚Ri jkl( ˚Rl jki + ˚Rilk j + ˚Ri jlk
+ R˚ jkδil − R˚ikδ jl) + 4R
n
|R˚m|2
= 2|∇ ˚Rm|2 + 4 ˚Ri jkl( ˚Rh jkm ˚Rhilm + ˚Rihkm ˚Rh jlm + ˚Ri jhm ˚Rhklm
+ ˚Ri jkh ˚Rhl) − 8R
n(n − 1) |
˚Ric|2 + 4R
n
| ˚Rm|2
= 2|∇ ˚Rm|2 − 4 ˚Ri jlk(2 ˚R jhkm ˚Rhiml + 12
˚Rhmi j ˚Rlkhm
+ ˚Ri jkh ˚Rhl) + 2(n − 2)R
n(n − 1) |W |
2
+
2R
n − 1 |
˚Rm|2.
(2.12)
We consider ˚Rm as a self adjoint operator on ∧2V and S 2V , respectively. By the alge-
braic inequality for m-trace-free symmetric two-tensors T , i.e., tr(T 3) ≤ m−2√
m(m−1) |T |3 and
equality holds if and only if T can be diagonalized with (n − 1)-eigenvalues equal to λ and
one eigenvalue equals to −(n − 1)λ, and the eigenvalues λi of T satisfy |λi| ≤
√
m−1
m
|T | in
[20], we obtain
|R˚i jlk(2R˚ jhkmR˚himl + 12 R˚hmi jR˚lkhm)| ≤ 2|R˚i jlkR˚ jhkmR˚himl| +
1
2
|R˚i jlkR˚hmi jR˚lkhm|
≤ [ 2(n
2
+ n − 4)√(n − 1)n(n + 1)(n + 2) +
n2 − n − 4
2
√(n − 2)(n − 1)n(n + 1) ]|
˚Rm|3,
(2.13)
and
|R˚i jklR˚i jkhR˚hl| ≤
√
n − 1
n
|R˚ic||R˚m|2.(2.14)
From (2.5), we have
(2.15) | ˚Ric|2 ≤ n − 2
4
| ˚Rm|2.
Combining with (2.12)-(2.15), we obtain that
△| ˚Rm|2 ≥ 2|∇ ˚Rm|2 + 2(n − 2)R
n(n − 1) |W |
2
+
2R
n − 1 |
˚Rm|2 − 4[
√
(n − 2)(n − 1)
4n
+
2(n2 + n − 4)√(n − 1)n(n + 1)(n + 2) +
n2 − n − 4
2
√(n − 2)(n − 1)n(n + 1) ]|
˚Rm|3.
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This completes the proof of this Lemma. 
Lemma 2.3. Let M be a complete Riemannian n-manifold with harmonic curvature. Then
(2.16) △| ˚Ric|2 ≥ 2|∇ ˚Ric|2 − 2
√
n − 2
2(n − 1) |W ||
˚Ric|2 − 2
√
n
n − 1 |
˚Ric|3 + 2 R
n − 1 |
˚Ric|2.
Proof. We compute
(2.17) △|R˚ic|2 = 2|∇R˚ic|2 + 2〈R˚ic,△R˚ic〉 = 2|∇R˚ic|2 + 2R˚i jR˚i j,kk.
Since the traceless Ricci tensor is Codazzi, by the Ricci identities, we obtain
˚Ri j,kk = ˚Rik, jk = ˚Rki,k j + ˚RliRlk jk + ˚RklRli jk
= ˚Rkk,i j + ˚RliRlk jk + ˚RklRli jk
= ˚RliRlk jk + ˚RklRli jk,
(2.18)
which gives
(2.19) △| ˚Ric|2 = 2|∇ ˚Ric|2 + 2 ˚Ri j ˚Ri j,kk = 2|∇ ˚Ric|2 + 2 ˚Ri j ˚RliRlk jk + 2 ˚Ri j ˚RklRli jk.
We compute
(2.20) △| ˚Ric|2 = 2|∇ ˚Ric|2 + 2Wki jl ˚Ri j ˚Rkl + 2 n
n − 2
˚Ri j ˚R jl ˚Rli + 2
R
n − 1 |
˚Ric|2.
By the inequality |Wki jl ˚Ri j ˚Rkl| ≤
√
n−2
2(n−1) |W || ˚Ric|2 given in [20], from (2.20) we get
△| ˚Ric|2 ≥ 2|∇ ˚Ric|2 − 2
√
n − 2
2(n − 1) |W ||
˚Ric|2 − 2
√
n
n − 1 |
˚Ric|3 + 2 R
n − 1 |
˚Ric|2.
This completes the proof of this Lemma. 
Lemma 2.4. Let M be a complete Riemannian n-manifold with harmonic curvature. Then
△|W |2 ≥ 2|∇W |2 − 2C2(n)|W |3 − 4
√
n − 1
n
|W |2|R˚ic| + 4R
n
|W |2,(2.21)
where
C2(n) =

√
6
2 , n = 4
8
√
10
15 , n = 5
4(n2+n−4)√(n−1)n(n+1)(n+2) +
n2−n−4√(n−2)(n−1)n(n+1) , n ≥ 6.
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Proof. By the Ricci identities, we obtain form (2.8) and (2.9)
△|W |2 = 2|∇W |2 + 2〈W,△W〉 = 2|∇W |2 + 2Wi jklWi jkl,mm
= 2|∇W |2 + 2Wi jkl(Wi jkm,lm +Wi jml,km)
= 2|∇W |2 + 4Wi jklWi jkm,lm
= 2|∇W |2 + 4Wi jkl(Wi jkm,ml +Wh jkmRhilm + WihkmRh jlm + Wi jhmRhklm + Wi jkhRhmlm)
= 2|∇W |2 + 4Wi jkl(Wh jkmRhilm +WihkmRh jlm +Wi jhmRhklm +Wi jkhRhmlm)
= 2|∇W |2 + 4Wi jkl(Wh jkmWhilm + WihkmWh jlm +Wi jhmWhklm +Wi jkhWhmlm)
+
4
n − 2Wi jkl[Wh jkm(
˚Rhlδim − ˚Rhmδil + ˚Rimδhl − ˚Rilδhm)
+ Wihkm( ˚Rhlδ jm − ˚Rhmδ jl + ˚R jmδhl − ˚R jlδhm) +Wi jhm( ˚Rhlδkm − ˚Rhmδkl + ˚Rkmδhl − ˚Rklδhm)
+ Wi jkh( ˚Rhlδmm − ˚Rhmδml + ˚Rmmδhl − ˚Rmlδhm)] + 4R
n(n − 1)Wi jkl(Wl jki +Wilk j +Wi jlk) +
4R
n
|W |2
= 2|∇W |2 + 4Wi jkl(2Wh jkmWhilm − 12 Wi jhmWklhm) +
4R
n
|W |2 + 4Wi jklWi jkh ˚Rhl
≥ 2|∇W |2 − 4(2Wi jlkW jhkmWhiml + 12 Wi jklWhmi jWklhm) +
4R
n
|W |2 − 4
√
n − 1
n
|W |2| ˚Ric|,
(2.22)
and equality holds if and only if W = 0 or ˚Ric can be diagonalized with (n−1)-eigenvalues
equal to λ and one eigenvalue equals to −(n − 1)λ and (Wi jk1, · · · ,Wi jkn) correspondingly
takes the value (−(n − 1)λ, 0, · · · , 0).
Case 1. When n = 4, it was proved in [20] that
|2Wi jlkW jhkmWhiml +
1
2
Wi jklWhmi jWklhm| ≤
√
6
4
|W |3.
Case 2. When n = 5, Jack and Parker [24] have proved that Wi jklWhmi jWklhm = 4Wi jlkW jhkmWhiml.
We consider W as a self adjoint operator on ∧2V , and obtain
|2Wi jlkW jhkmWhiml +
1
2
Wi jklWhmi jWklhm| = |Wi jklWhmi jWklhm| ≤
4
√
10
15 |W |
3.
Case 3. When n ≥ 6, considering W as a self adjoint operator on S 2V , we have
|2Wi jlkW jhkmWhiml +
1
2
Wi jklWhmi jWklhm| ≤ 2|Wi jlkW jhkmWhiml| +
1
2
|Wi jklWhmi jWklhm|
≤ [ 2(n
2
+ n − 4)√(n − 1)n(n + 1)(n + 2) +
n2 − n − 4
2
√(n − 2)(n − 1)n(n + 1) ]|W |
3.
From (2.22) and Cases 1,2 and 3, we complete the proof of this Lemma. 
Lemma 2.5. On every n-dimensional Riemannian manifold the following estimate holds
∣∣∣∣∣−Wi jkl ˚Rik ˚R jl + nn − 2 ˚Ri j ˚R jk ˚Rki
∣∣∣∣∣ ≤
√
n − 2
2(n − 1)
(
|W |2 + 2n
n − 2 |
˚Ric|2
) 1
2
| ˚Ric|2.
Remark 2.6. We follow these proofs of Proposition 2.1 in [7] and Lemma 4.7 in [3] to
prove this lemma.
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3. Proofs of Theorems
Proof of Theorem 1.1. By the Kato inequality |∇ ˚Ric|2 ≥ n+2
n
|∇| ˚Ric||2 and Lemma 2.3, we
obtain
(3.1) | ˚Ric|△| ˚Ric| ≥ 2
n
|∇| ˚Ric||2 −
√
n − 2
2(n − 1) |W ||
˚Ric|2 −
√
n
n − 1 |
˚Ric|3 + R
n − 1 |
˚Ric|2
in the sense of distributions. Using (3.1), we compute
| ˚Ric| n−2n △| ˚Ric| n−2n = | ˚Ric| n−2n
(−2(n − 2)
n2
| ˚Ric| −n−2n |∇| ˚Ric||2 + n − 2
n
| ˚Ric| −2n △| ˚Ric|
)
=
−2
n − 2 |∇|
˚Ric| n−2n |2 + n − 2
n
| ˚Ric| −4n | ˚Ric|△| ˚Ric|
≥ n − 2
n
−
√
n
n − 1 |
˚Ric|2 n−2n +1 + R
n − 1 |
˚Ric|2 n−2n −
√
n − 2
2(n − 1) |W ||
˚Ric|2 n−2n
 ,
(3.2)
in the sense of distributions. From (3.2), we get
(3.3) △| ˚Ric| n−2n ≥ n − 2
n
−
√
n
n − 1 |
˚Ric| n−2n +1 + R
n − 1 |
˚Ric| n−2n −
√
n − 2
2(n − 1) |W ||
˚Ric| n−2n
 .
Integrating (3.3) over M, we obtain
(3.4)
∫
M
R − √n(n − 1)| ˚Ric| −
√
(n − 2)(n − 1)
2
|W |
 | ˚Ric| n−2n ≤ 0.
If the equality holds in (3.4), all inequalities leading to (3.1) become equalities. Hence
at every point, either R˚ic is null, i.e., M is Eninstein, or it has an eigenvalue of multiplicity
(n−1) and another of multiplicity 1. Since M has harmonic curvature, and by the regularity
result of DeTurck and Goldschmidt [12], M must be real analytic in suitable (harmonic)
local coordinates.
Suppose that the Ricci tensor has an eigenvalue of multiplicity (n − 1) and another of
multiplicity 1. If the Ricci tensor is parallel, by the de Rham decomposition Theorem
[10], M is covered isometrically by the product of Einstein manifolds. We have R =√
n(n − 1)|R˚ic|. From (3.4), we get W = 0, i.e. is conformally flat. Since M has positive
scalar curvature, then the only possibility is that M is covered isometrically by S1 × Sn−1
with the product metric.
On the other hand, if the Ricci tensor is not parallel, by the classification result of
Derdzin´ski (see Theorem 10 of [11], see also Theorem 3.2 of [6]), this concludes the proof
of Theorem 1.1. 
Proof of Theorem 1.2. By the Kato inequality |∇ ˚Rm|2 ≥ |∇| ˚Rm||2 and Lemma 2.2, we get
(3.5) 1
2
△| ˚Rm|2 ≥ |∇| ˚Rm||2 − C1(n)| ˚Rm|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |
˚Rm|2
in the sense of distributions.
For small ǫ > 0, define Ωǫ = {x ∈ M|| ˚Rm| ≥ ǫ}, and
fǫ(x) =
| ˚Rm|(x) x ∈ Ωǫǫ x ∈ M \Ωǫ .
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Multiplying both sides of (3.5) by f −1ǫ and then integrating over M, we obtain
0 ≥ −1
2
∫
M
△| ˚Rm|2 f −1ǫ +
∫
M
|∇| ˚Rm||2 f −1ǫ
+
∫
M
[−C1(n)| ˚Rm|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |
˚Rm|2] f −1ǫ
=
1
2
∫
M
〈∇| ˚Rm|2,∇ f −1ǫ 〉 +
∫
M
|∇| ˚Rm||2 f −1ǫ
+
∫
M
[−C1(n)|R˚m|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |R˚m|
2] f −1ǫ
= −
∫
M
〈∇| ˚Rm|,∇ fǫ〉| ˚Rm| f −2ǫ +
∫
M
|∇| ˚Rm||2 f −1ǫ
+
∫
M
[−C1(n)| ˚Rm|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |
˚Rm|2] f −1ǫ
= −
∫
M
|∇ fǫ |2 f −1ǫ +
∫
M
|∇|R˚m||2 f −1ǫ
+
∫
M
[−C1(n)| ˚Rm|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |
˚Rm|2] f −1ǫ
=
∫
M\Ωǫ
|∇| ˚Rm||2 f −1ǫ +
∫
M
[−C1(n)| ˚Rm|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |
˚Rm|2] f −1ǫ
≥
∫
M
[−C1(n)| ˚Rm|3 + (n − 2)R
n(n − 1) |W |
2
+
R
n − 1 |
˚Rm|2] f −1ǫ
≥
∫
M
[−C1(n)| ˚Rm|3 + R
n − 1 |
˚Rm|2] f −1ǫ .
(3.6)
It follows from the proof of (3.6) that∫
M
[R −C1(n)(n − 1)| ˚Rm|]| ˚Rm|2 f −1ǫ ≤ 0.
Now, taking the limit as ǫ → 0, we get form the above inequality
(3.7)
∫
M
[R −C1(n)(n − 1)| ˚Rm|]| ˚Rm| ≤ 0.
If the equality holds in (3.7), all inequalities leading to (3.5) become equalities. Hence
we get W = 0, i.e., M is a compact conformally flat manifold with constant positive scalar
curvature. By (2.5) and (3.7), we have
(3.8)
∫
M
[R −C1(n)(n − 1)
√
4
n − 2 |
˚Ric|]| ˚Ric| = 0.
Since M is a compact conformally flat manifold with constant positive scalar curvature,
based on (2.11), proceeding as in the proof of (3.7), we obtain
(3.9)
∫
M
[R −
√
n(n − 1)| ˚Ric|]| ˚Ric| ≤ 0.
By comparing (3.8) with (3.9), we obtain ˚Ric = 0, i.e., M is a Einstein manifold. Hence M
is isometric to a quotient of the round Sn. 
Proof of corollary 1.3. When ˚Rm < R(n−1)C1(n) , by (2.10) and the maximum principle, we
get ˚Rm = 0. Thus M is isometric to a quotient of the round Sn.
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When ˚Rm = R(n−1)C1(n) , by Theorem 1.2, we have that M is isometric to a quotient of the
round Sn. 
Proof of Theorem 1.4. By (2.20) and Lemma 2.5, we get
1
2
△| ˚Ric|2 ≥ n + 2
n
|∇| ˚Ric||2 −
√
n − 2
2(n − 1)
(
|W |2 + 2n
n − 2 |
˚Ric|2
) 1
2
| ˚Ric|2 + R
n − 1 |
˚Ric|2.
(3.10)
We rewrite (3.10) as
| ˚Ric|△| ˚Ric| ≥ 2
n
|∇| ˚Ric||2 −
√
n − 2
2(n − 1)
(
|W |2 + 2n
n − 2 |
˚Ric|2
) 1
2
| ˚Ric|2 + R
n − 1 |
˚Ric|2(3.11)
in the sense of distributions.
Set u = | ˚Ric|. By (3.11), we compute
uγ△uγ = uγ
(
γ(γ − 1)uγ−2|∇u|2 + γuγ−1△u
)
=
γ − 1
γ
|∇uγ|2 + γu2γ−2u△u
≥ (1 − n − 2
nγ
)|∇uγ|2 −
√
n − 2
2(n − 1)γ
(
|W |2 + 2n
n − 2u
2
) 1
2
u2γ +
R
n − 1γu
2γ.
(3.12)
Integrating (3.12) by parts over Mn, it follows that
0 ≥ (2 − n − 2
nγ
)
∫
M
|∇uγ|2 + γ R
n − 1
∫
M
u2γ −
√
n − 2
2(n − 1)γ
∫
M
(
|W |2 + 2n
n − 2 u
2
) 1
2
u2γ.
(3.13)
For 2 − n−2
nγ
> 0, by the definition of Yamabe constant and (3.13), we get
0 ≥ (2 − n − 2
nγ
) n − 2
4(n − 1)µ([g])
(∫
M
u
2nγ
n−2
) n−2
n
−
√
n − 2
2(n − 1)γ
∫
M
(
|W |2 + 2n
n − 2u
2
) 1
2
u2γ
+
4nγ + 1
γ
(n − 2)2 − 2n(n − 2)
4n(n − 1) R
∫
M
u2γ.
(3.14)
By Ho¨lder inequality, we obtain
0 ≥
(2 − n − 2nγ ) n − 24(n − 1)µ([g]) −
√
n − 2
2(n − 1)γ

∫
M
(
|W |2 + 2n
n − 2u
2
) n
4

2
n

(∫
M
u
2nγ
n−2
) n−2
n
+
4nγ + 1
γ
(n − 2)2 − 2n(n − 2)
4n(n − 1) R
∫
M
u2γ.
(3.15)
Taking γ = (n−2)(1+
√
1− 4
n
)
4 . From (3.15), we get
(3.16) 0 ≥

√
2√(n − 2)(n − 1)µ([g]) −
(∫
M
(|W |2 + 2n
n − 2 u
2) n4
) 2
n

(∫
M
u
2nγ
n−2
) n−2
n
.
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Since W is totally trace-free, one has
|W +
√
n√
2(n − 2)
˚Ric T g|2 = |W |2 + 2n
n − 2 |
˚Ric|2
and the pinching condition (1.1) implies that M is Einstein.
In particular, we choose γ such that
4nγ+ 1
γ
(n−2)2−2n(n−2)
4n(n−1) > 0, and
0 ≥
 2C2(n)nµ([g]) −

∫
M
(
|W |2 + 2n
n − 2 u
2
) n
4

2
n

(∫
M
u
2nγ
n−2
) n−2
n
.
From the above, the pinching condition (1.1) implies that M is Einstein. Hence, the pinch-
ing condition (1.1) implies
(3.17)
(∫
M
|W | n2
) 2
n
<
2
C2(n)nµ([g]).
By the rigidity result for positively curved Einstein manifolds (see Theorem 1.1 of [16]),
(3.17) implies that M is isometric to a quotient of the round Sn. 
Proofs of corollary 1.6 and Remark 1.7. To prove Corollary 1.6, we need the following
lower bound for the Yamabe invariant on compact four-dimensional manifolds which was
proved by M. J. Gursky (see [7, 17]):∫
M
R2 − 12
∫
M
| ˚Ric|2 ≤ µ([g])2,
the inequality is strict unless (M4, g) is conformally Einstein. From this inequality, we get∫
M
|W |2 + 4
∫
M
| ˚Ric|2 − 13µ([g])
2 ≤
∫
M
|W |2 + 8
∫
M
| ˚Ric|2 − 13
∫
M
R2
and ∫
M
|W |2 + 4
∫
M
| ˚Ric|2 − 16µ([g])
2 ≤
∫
M
|W |2 + 6
∫
M
| ˚Ric|2 − 16
∫
M
R2
Moreover, the two inequalities are strict unless (M4, g) is conformally Einstein. In the first
case “<”, Theorem 1.4 immediately implies Corollary 1.6. In the second case “=”, g is
conformally Einstein. Since g has constant scalar curvature, g is Einstein from the proof
of Obata Theorem (see [23]). Hence 16
∫
M R
2
=
1
6µ([g])2, by Corollary 1.16 in [13], we
complete the proof of this corollary.
By the Chern-Gauss-Bonnet formula ( see Equation 6.31 of [2])∫
M
|W |2 − 2
∫
M
| ˚Ric|2 + 16
∫
M
R2 = 32π2χ(M),
the right-hand sides can be written as∫
M
|W |2 + 8
∫
M
| ˚Ric|2 − 13
∫
M
R2 = 5
∫
M
|W |2 + 13
∫
M
R2 − 128π2χ(M)
and ∫
M
|W |2 + 6
∫
M
| ˚Ric|2 − 16
∫
M
R2 = 2
∫
M
| ˚Rm|2 − 32π2χ(M).
This proves Remark 1.7. 
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Proof of Theorem 1.8. By (1.4), all inequalities leading to (3.16) become equalities. Hence
c(|W |2+ 2n
n−2 | ˚Ric|2)
n
4 = | ˚Ric| 2nγn−2 , where c is constant, and at every point either ˚Ric is null, i.e.,
M is Eninstein, or it has an eigenvalue of multiplicity (n − 1) and another of multiplicity
1 for |∇ ˚Ric|2 = n+2
n
|∇| ˚Ric||2. Since M has harmonic curvature, M must be real analytic in
suitable (harmonic) local coordinates. So we have Wki jl ˚Ri j ˚Rkl = 0. From (2.20), we get
△| ˚Ric|2 = 2|∇ ˚Ric|2 + 2 n
n − 2
˚Ri j ˚R jl ˚Rli + 2
R
n − 1 |
˚Ric|2.
Based on the above equality, using the same argument as in the proof of (3.15), we can
obtain that if (∫
M
| ˚Ric| n2
) 2
n
<
1√
n(n − 1)µ([g]),
then M is Einstein.
Case 1 When W , 0, (1.4) implies that
(∫
M | ˚Ric|
n
2
) 2
n
< 1√
n(n−1)µ([g]). By the above
result, M is Einstein.
Case 2 When W ≡ 0, M is locally conformally flat. Suppose that the Ricci tensor has
an eigenvalue of multiplicity (n − 1) and another of multiplicity 1. If the Ricci tensor
is parallel, by the de Rham decomposition Theorem, M is covered isometrically by the
product of Einstein manifolds. We have R =
√
n(n − 1)| ˚Ric|. Since M has positive scalar
curvature, then the only possibility is that M is covered isometrically by S1 × Sn−1 with the
product metric. On the other hand, if the Ricci tensor is not parallel, by the classification
result of Derdzin´ski , this concludes the proof of Theorem 1.8. 
Proof of Theorem 1.9. Based on Lemma 2.4, using the same argument as in the proof of
(3.15), we can obtain
0 ≥
(2 − 1γ ) n − 24(n − 1)µ([g]) −C2(n)γ
(∫
M
|W | n2
) 2
n
− 2
√
n − 1
n
γ
(∫
M
| ˚Ric| n2
) 2
n

(∫
M
|W | 2nγn−2
) n−2
n
+
8(n − 1)γ + 1
γ
n(n − 2) − 2n(n − 2)
4n(n − 1) R
∫
M
|W |2γ.
(3.18)
Case 1. 4 ≤ n ≤ 9, choose γ = 1. It follows from (3.18) that
0 ≥
 n − 24(n − 1)µ([g]) −C2(n)
(∫
M
|W | n2
) 2
n
− 2
√
n − 1
n
(∫
M
|R˚ic| n2
) 2
n

(∫
M
|W | 2nn−2
) n−2
n
+
10n − 8 − n2
4n(n − 1) R
∫
M
|W |2.
(3.19)
From (3.19), the pinching condition (1.5) implies that M is locally conformal flat.Moreover,
we get the same conclusion if we assume just the weak inequality in (1.5). Hence, the
pinching condition (1.5) implies
(3.20)
(∫
M
| ˚Ric| n2
) 2
n
<
(n − 2)√n
8(n − 1) 23
µ([g]) < 1√
n(n − 1)µ([g]).
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Case 2. n ≥ 10, choose 1
γ
= 1 +
√
1 − 8(n−1)(n−2)n . From (3.18), we get
(3.21) 0 ≥
2nµ([g]) −C2(n)
(∫
M
|W | n2
) 2
n
− 2
√
n − 1
n
(∫
M
| ˚Ric| n2
) 2
n

(∫
M
|W | 2nγn−2
) n−2
n
.
From (3.21), the pinching condition (1.5) implies that M is locally conformal flat. Hence,
the pinching condition (1.5) implies
(3.22)
(∫
M
|R˚ic| n2
) 2
n
<
1√
n(n − 1)µ([g]).
By the rigidity result for locally conformal flat manifolds (see Theorem 1.13 of [14]),
noting that the difference between the Yamabe constants in [14] and this paper is 4(n−1)
n−2 ,(3.20) and (3.22) imply that M is isometric to a quotient of the round Sn. 
Proof of Theorem 1.11. By (1.6), all inequalities leading to (3.18) become equalities.
Hence at every point, W = 0 or either ˚Ric is null, i.e., M is Eninstein, or it has an eigenvalue
of multiplicity (n − 1) and another of multiplicity 1 for Wi jklWi jkh ˚Richl =
√
n−1
n
| ˚Ric||W |2.
By the same argument as in the proof of Theorem 1.8, we can obtain that if(∫
M
| ˚Ric| n2
) 2
n
<
1√
n(n − 1)µ([g]),
then M is Einstein.
Case 1 When W , 0, (1.6) implies that
(∫
M | ˚Ric|
n
2
) 2
n
< 1√
n(n−1)µ([g]). By the above
result, M is Einstein.
Case 2 When W ≡ 0, M is locally conformally flat. (1.6) implies that (1.4) holds. By
Theorem 1.8 , this concludes the proof of Theorem 1.11. 
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